Calculations on the dynamics of ions and electrons in near-infrared laser fields at intensities up to 3 × 10 23 W/cm 2 are presented. We explore the acceleration of ions in a laser focus by conservation of canonical momentum during ionization events and by the ponderomotive force in the f /1 focal geometry required to reach such intensity. At intensity exceeding 10 23 W/cm 2 , highly charged ions are expelled from the laser focus before they can interact with the laser pulse at peak intensity, decreasing the predicted ionization yields of deeply-bound states. We consider the interaction of a tightly-focused, f /1 laser pulse with krypton at an intensity of 3 × 10 23 W/cm 2 and a pulse duration of 140 fs. We find that the ions and electrons are accelerated to energies in excess of 2 MeV/nucleon and 1.4 GeV, respectively. Ponderomotive expulsion of the parent ions decreases the total number of ultra-relativistic ATI electrons produced by tunneling ionization from the K-shell states of krypton but does not change their energy spectrum.
INTRODUCTION
Above-threshold ionization (ATI), first observed by Agostini et al. in 1979 [1] , is the fundamental response of an atomic system to a strong laser field and the dominant laser energy absorption mechanism in low-density plasmas. When the density of photons becomes high enough, ATI can be treated as a quasi-classical, two-step process: the bound electron is freed by adiabatic tunneling and the continuum dynamics can be found by integrating the Lorentz force equations. The two-step model of ATI has been used to explain high-harmonic generation in gases [2] [3] and non-sequential double ionization (NSDI) [4] [5] . Measurements of the ATI electron energy spectrum and angular distribution provide direct evidence that tunneling ionization dominates in infrared laser fields above 10 15 W/cm 2 [6] [7] . Lasers now approach intensity exceeding 10 23 W/cm 2 , a regime where ATI offers a method of accelerating electrons to GeV energies over a few microns.
Free electron dynamics in near-infrared laser fields become relativistic at intensity above 10 18 W/cm 2 . The trajectories of electrons liberated by tunneling ionization in these fields are folded forward by the laser magnetic field, and the electrons are observed to gain momentum in the laser forward direction [8] . Despite the onset of relativistic free electron motion, precision measurements of the ionization rates of argon at intensity up to 2 × 10 19 W/cm 2 have agreed with the nonrelativistic Ammosov-KrainovDelone/Perelomov-Popov-Terentev (ADK/PPT) tunneling model of ionization [9] . Although ionization channels involving inelastic re-scattering are suppressed by relativistic electron drift in the continuum [10] , it is less clear how relativistic laser-electron interactions affect the primary ionization process. The laser magnetic field is thought to play a role in stabilizing bound states by giving the electron a nonzero momentum component transverse to the tunneling path, effectively increasing the height of the tunneling barrier [11] . However, numerical treatment of ionization as an ensemble of classical electron orbits demonstrated the inclusion of the laser magnetic field has negligible effects on the ionization rates at intensity up to 10 23 W/cm 2 [12] . Tunneling rate models for hydrogen-like ions that use Dirac wavefunctions predict the ionization rate will be ∼1/3 of the nonrelativistic rate above 10 23 W/cm 2 [13] , but the corrections from the laser magnetic field are negligible [14] . Precision measurements of highly charged ion yields and ATI electron energy spectra are needed to verify the magnitude of expected relativistic corrections.
In this article we numerically investigate the ionization and electron dynamics in ultra-intense laser fields that will be available with hybrid OPCPA/Nd:glass systems scheduled to come online in the near future [15] . We employed numerical methods that allowed us to model tunneling ionization and calculate ATI electron energy spectra without neglecting the motion of the parent ions in the laser field. The ions will acquire energy from their interaction with the laser field, which has been numerically explored as a method for creating high-energy proton pulses for cancer therapy [16] . When laser intensity exceeds 10 23 W/cm 2 in the f /1 focal geometry required to reach this intensity with a 10-PW class laser, the ponderomotive force expels the ions before they can interact with strongest laser field. For highly-charged krypton ions in a laser focus, we demonstrate that ponderomotive ion expulsion will substantially reduce the number of Kshell ionization events. Simulations of the ATI electron dynamics show evidence of two dominant electron accel-eration mechanisms for the highest-energy ATI electrons. We conclude that direct laser ion acceleration (DLIA) will necessitate the development of novel experimental techniques to measure ionization rates when intensity exceeds 10 21 W/cm 2 .
II. ION DYNAMICS
The physics of direct laser ion acceleration (DLIA) is analogous to the acceleration of ATI electrons in nonrelativistic, near infrared laser fields. We can extend the quasi-classical two-step model of Corkum et al. [6] to approximate ion energy contributions from two sources: residual drift that arises from conservation of canonical momentum in the laser field at each ionization event and from ponderomotive acceleration. Assuming a sequential tunneling ionization process, nonrelativistic ion motion, and negligible ponderomotive force on the ion, we can express the energy as
in a linearly polarized laser field, where E(t q ) is the laser electric field amplitude and φ q is the laser phase at the time of the q th ionization event. The ion residual drift energy spectrum can only be calculated numerically as the energy spectrum includes information about the laser phase and field strength at every ionization event, and therefore the energy spectrum depends strongly on the target ion species and its electronic shell structure.
For the tight f /1 focal geometries considered in this paper the ponderomotive energy contribution dominates the residual drift energy at intensities above 10 21 W/cm 2 . One can approximate the ponderomotively ejected ion energy as
where U p is the ion ponderomotive potential. Simulations of the ion dynamics illustrate both regimes of DLIA when considering laser-ion interactions on 10-PW class laser systems. The details of ponderomotive ion ejection are complex, and the final energy depends on charge state history, laser intensity, spot size, pulse duration, and initial position within the laser focus. We simulate the ion dynamics by numerically integrating the Lorentz force equations using the Runge-KuttaFelberg method. The atom is neutral before arrival of the laser pulse and, at each timestep, the probability of ionization is calculated using the ADK/PPT tunneling ionization rate [17] [18] . We assume the single active electron approximation and increment the charge state using straightforward Monte-Carlo methods. We model the laser field as a Gaussian focus and we include nonparaxial corrections up to fifth order in the diffraction angle [19] . Figures 1 and 2 present simulated ion energy spectra for argon and krypton. The peak intensities are chosen to be the barrier suppression intensity (BSI) [20] of the hydrogen-like ion charge states. We randomly choose the initial position of the neutral atom within the laser confocal region and propagate the laser pulse through, repeating for 10 5 trials. The laser central wavelength is 1057 nm and the laser pulse duration is 140 fs throughout this article. Figure 1a and 1b show the calculated energy spectra of argon in f /10 and f /1 focal geometries, which we take to have 1/e 2 diameters of 30 µm and 3 µm, respectively. The peak laser intensity is 4.7 × 10 21 W/cm 2 , which can be attained by a 10 PW-class laser system in the larger focus. Residual drift ion energy dominates in the f /10 geometry for Ar 17+ and Ar 18+ , yielding an exponential distribution of ejected ion energies. The large gap in calculated ion energy between Ar 16+ and the higher charge states reflects the large difference in ionization potential (and hence, the BSI) between the L-shell and K-shell electrons of argon. The ponderomotive force dominates the dynamics of ions expelled from the f /1 focus, and ion energy reflects the strength of the ponderomotive force at each ions initial position in the focus. Residual drift is necessary to explain the hot ion tail of Ar 18+ in the f /1 geometry. Figure 1c shows the azimuthal angular distribution of Ar 18+ ejected from each focus, confirming that ions accelerated by residual drift will be expelled preferentially along the laser polarization direction while ponderomotively accelerated ions will be expelled radially. Figure 2 shows the energy spectrum of krypton ions expelled from an f /1 focus where the peak laser intensity is 3 × 10 23 W/cm 2 . The peak krypton ion energy is in excess of 200 MeV. We will show that, in this ultra-intense regime, the highest-energy ejected ions will gain nearly the full ponderomotive energy.
DLIA can be divided into long and short pulse regimes. When the laser pulse duration is much shorter than the timescale on which the ion leaves the focus, the ion experiences a ponderomotive force
Integrating over the laser pulse duration gives an impulse ∆p ∼ − Upτp wo , yielding a quadratic ion energy scaling with peak intensity. A calculation assuming a Gaussian spatial mode and temporal profile gives a maximum energy of
due to ponderomotive acceleration in the short pulse regime, where τ FWHM is the intensity full-width at half maximum (FWHM) pulse duration, I o is the peak laser intensity, and w o is the beam waist. When the laser pulse duration becomes comparable to the ejection timescale (long pulse regime), we expect the ion to gain at most the ion ponderomotive energy which scales linearly with intensity. An approximate ion ejection timescale τ ej ≈ w o 2U p /m can be derived from the ponderomotive model. For an f/1 focus, this timescale is on the order of 1 ps for hydrogen-like argon at its BSI but is ∼ 120 fs for hydrogen-like krypton at its BSI. We confirmed the ejection timescale estimate by simulating five hundred krypton ions originating from the point of strongest ponderomotive force in a laser focus with a 1/e 2 diameter of 3 µm. The ion energies are presented in Figure 3 . We observed the predicted transition in the energy scaling with intensity (from quadratic to linear) at 10 23 W/cm 2 , as well as agreement with Eq. 3 in the short pulse regime. As 10 24 W/cm 2 is approached the scaling becomes sub-linear because the ion is expelled from the focus before the peak intensity is reached.
Calculating ionization yields in the long-pulse DLIA regime is complicated by the fact that the number of ions in the focal volume does not remain constant over the laser pulse duration. The ions will be expelled from the laser focus before being ionized further by the peak strength of the laser field, and we expect calculations including and excluding ion motion to differ substantially when τ p ∼ τ ej . We calculate the ionization yields by integrating 10 4 initial atom positions distributed over a fixed focal volume, bounded by the iso-intensity shell where the probability of K-shell ionization is greater than 0.05 for stationary ions. Simulated ion yields including and excluding the ion motion are given in Fig. 4 . An increasing difference between the stationary and mobile ion models is observed as laser intensity approaches 10 23 W/cm 2 . Mobile and immobile yields for hydrogen-like krypton differ by a factor of ∼3, demonstrating ion motion must be accounted for when calculating ionization yields. We expect that the ion yield decrease due to ponderomotive ion ejection will be comparable to the decrease caused by relativistic corrections to the ionization rates.
III. ELECTRON DYNAMICS
The final energies of ATI electrons depend strongly on the laser phase at the instant of ionization [7] . In the ultra-relativistic regime (I > 10 21 W/cm 2 ), the energy spectrum of ATI electrons is also sensitive to target ion position in the laser focus. Numerical studies of ATI electrons produced by the ionization of hydrogenlike argon suggest the highest-energy electrons originate from ions located from the front and sides of the confocal region [21] [22] . If the most energetic ATI electrons originate from the edges of the focal volume, where the ponderomotive force on the ions is strongest, we expect a disproportionate reduction in the number of high-energy ATI electrons produced because their parent ions will be ejected from the focus before ionization. We therefore simulated the dynamics of ATI electrons produced by the ionization of hydrogen-like highly-charged ions in the laser focus.
The electron initial conditions were generated by simulating the ion dynamics in the focal volume using the same method for calculating the ionization yields described in the previous section. Each ion velocity, position, and time is recorded at the instant the hydrogenlike state is ionized. The electrons are born into the laser field at rest with respect to their parent ions. Unless explicitly mentioned otherwise the effects of ion motion are included when calculating the initial conditions. The Coulomb field is neglected after ionization and the electron dynamics are found by integrating the equations of motion using a modified 7th-order Dormand-Prince scheme [23] . The equations of motion, given below, are the Lorentz force equation with a correction added for the leading term of the Landau-Lifshitz radiation friction force [24] [25] dp dt
where r c = e 2 /m e c 2 is the classical electron radius and γ is the Lorentz factor. The radiation reaction correction decreases the final energy of the highest-energy electron we simulated by approximately 0.2%. 10 4 unique electron initial conditions were used for each simulation. The laser polarization is oriented along the x-axis and the laser forward direction is oriented along the postive z-axis. Figure 5 shows nearly identical ATI electron energy spectra for from ionization of hydrogen-like krypton at an intensity of 3 x 10 23 W/cm 2 when ion motion is ignored (closed markers ) or included (open markers) when generating the initial electron conditions. ATI simulations were performed over two decades of laser intensity and the parent ion positions at the moment of ionization were recorded. Figure 6 shows the ion positions from which the 10% most energetic ATI electrons originate, projected onto the XZ plane, for three ion species (Ar 17+ , Ti 21+ , and Kr 35+ ). The peak laser intensities in the Gaussian focus and temporal envelope are chosen to be their respective barrier suppression intensities. The color (shape) of the markers indicates the direction of the paraxial laser field E x at the moment of ionization. A transition in the electron acceleration mechanisms is evidenced by the development of three distinct, compact regions in the focus where the high-energy electrons are generated. At an intensity of 3 × 10 23 W/cm 2 , the vast majority of the high-energy ATI electrons originate from ions concentrated along the laser axis in the back of the confocal region where the ponderomotive force is weaker than it is at the beam waist. These ions are not likely to be expelled more quickly than other ions in the focus, explaining the consistency between the simulations excluding and including ion motion seen in Fig. 5 .
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Electrons accelerated by either mechanism accelerate to nearly the speed of light in the laser forward direction in a small fraction of a laser cycle. Although the magnitude of the nonparaxial electric field directed along the laser propagaton direction is lower than the paraxial fields by an order of magnitude, it contributes substantially to the rate of electron energy change dE/dt α E · v as v z /v x ≈ γ/2 [27] . The trajectories of two test electrons, one accelerated by DIA and one by RA, were calculated as they exited the confocal region nearly parallel to the z-axis. Figure 7a shows the Lorentz factor γ for the RA electron (solid blue) and the DIA electron (dashed-dotted green) with all fields included. The same trajectories with all nonparaxial fields excluded with the exception of the first-order nonparaxial magnetic field are displayed for comparison (dashed red for the RA mechanism, dotted black for the DIA mechanism). Dephasing from the paraxial field in this scenario is driven only the superluminal phase velocity of the focused beam [28] , leading to lower electron energy gain and loss rates. Figure 7b shows both the normalized E x (no markers) and E z (open squares) experienced by the two test electrons when the nonparaxial corrections are included. The signs of the fields in Fig. 7b provide a qualitative description of the acceleration mechanisms.
For the DIA mechanism, the electron is born in the front of the confocal region. The sign of E x , as noted in Fig 6c, immediately accelerates the electron toward the z-axis in both DIA regions while E z is negative, as seen in Fig 7b. The paraxial magnetic field folds the electron trajectories toward the laser forward direction, and the electron remains nearly in phase with the paraxial laser field as it gains energy from E z . In the RA mechanism, the electron loses energy to work done by E z faster than it gains energy from work done by E x , and begins to decelerate before the sign of E x changes. Complete deceleration is averted by the longitudinal magnetic field, which exerts a force (α v ⊥ B z ) in the XY plane, reversing the electron motion in the x-direction so it can gain energy from E x without completely decelerating. These electrons gain more energy than the initially stationary DIA electrons "born" in the front of the confocal region because they gain energy at a higher rate from the paraxial field (dE/dt α cE x ) due to their relativistic velocity at the instant of acceleration.
IV. DISCUSSION
While our observation of the highest-energy ATI electrons originating from the back of the confocal region is unexpected, it does not necessarily contradict the results of previous studies. We do not find qualitative agree-ment with Pi et al. for origin positions of the highest energy ATI electrons from Ar 17+ [22] , but we emphasize that final electron energy is much more sensitive to the laser phase at the moment of ionization than it is to initial position in the focus. The over-the-barrier ionization model used in their paper will yield a different distribution of initial phases than the quantum ADK model, which can make direct comparison of our results difficult. We also restricted our analysis of initial electron positions to an intensity regime where tunneling ionization dominated the hot ATI electron production over barrier suppression ionization and, therefore, the ion yield was not saturated. At higher intensities where the ion yield is saturated, electrons will originate from a larger volume of the focus and the distribution of preferred initial positions may change. Other numerical studies of free electron acceleration by few-cycle, petawatt, radially polarized pulses [29] and fully nonparaxial linearly polarized pulses [28] show high-energy scattered electrons originating from positions the back of the confocal region.
DLIA poses a formidable challenge to ionization rate experiments at intensity above 10 21 W/cm 2 . Even in focal geometries where ponderomotive acceleration can be neglected, canonical momentum conservations heats the ions to keV energies. Wiley-McLaren time-of-flight methods, which were used to measure ionization yield in virtually all previous ionization rate experiments with noble gases [9] [30] [20] , will not be able to capture all the ions nor will they have sufficient resolution to resolve the closely-spaced charge-to-mass ratio peaks when the ions have a broad energy spectrum. Ionization yield measurements for hydrogen-like and helium-like charge states of argon and krypton will have to be inferred from the highenergy ATI electrons ejected from the laser focus. ATI electrons generated by tunneling from the K-shell will typically have at least an order of magnitude higher peak energy than ATI electrons originating from the L-shell. Ponderomotive expulsion of ions from the laser focus will not disproportionally reduce the number of high-energy ATI electrons produced when the ion yield is not saturated.
DLIA will substantially reduce the number of K-shell ionization events in a tightly-focused laser beam at intensities greater than 10 23 W/cm 2 , and must be included to accurately calculate the expected number of ionization events. Shorter laser pulses (< 25 fs) can mitigate the effect of DLIA on the ionization yield, but ionization yields do not compare well with indirect intensity measurements inferred from the focal spot size and pulse duration diagnostics due to B-integral accumulation in the diagnostic transport [31] . For longer pulses of hybrid OPCPA/Nd:glass laser systems, the intensities inferred from ionization yields and indirect measurements compare favorably [32] , and measuring ionization threshold intensities above 10 23 W/cm 2 with a longer pulse system can enable accurate cross-calibration of shorter pulse systems. The electronic shell structure of the target atoms can also be studied by examining modulations in the angular distribution and energy spectrum of the ATI electrons [33] [34], but these features will be washed out by the rapid intensity ramp-up of shorter pulses.
V. CONCLUSION
A complete understanding of ion and ATI electron dynamics in tightly-focused, nonparaxial laser fields will be essential to study relativistic corrections to the tunneling ionization rates at intensities above 10 23 W/cm 2 . At these intensities, broad DLIA energy spectra (E max ∼ 2 MeV/nucleon) will make direct detections of ion charge states and measurement of the ionization yields extremely challenging. Future experimental studies of ionization rates at such intensity will require the development of large-area, high dynamic-range electron detectors capable of detecting individual 100 MeV-1.5 GeV electrons expelled from the laser focus.
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